Clustering properties, Jack polynomials and unitary conformal field theories. 
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ABSTRACT 

Recently, Jack polynomials have been proposed as natural generalizations of Read-Rezayi 
states describing non-Abelian fractional quantum Hall systems. These polynomials are conjec- 
tured to be related to correlation functions of a class of W-conformal field theories based on the 
Lie algebra A^^i. These theories can be considered as non- unitary solutions of a more general 
series of CFTs with symmetry, the parafermionic theories. Starting from the observation 
that some parafermionic theories admit unitary solutions as well, we show, by computing the 
corresponding correlation functions, that these theories provide trial wavefunctions which satisfy 
the same clustering properties as the non-unitary ones. We show explicitly that, although the 
wavefunctions constructed by unitary CFTs cannot be expressed as a single Jack polynomial, 
they still show a fine structure where the mathematical properties of the Jack polynomials play 
a major role. 



PACS numbers: 75.50.Lk, 05.50.+q, 64.60.Fr 



1. Introduction 

Since tlie success of thie Laughlin states [H , tlie use of trial wavefunctions in the fractional quantum Hall 
(FQH) effect has provided deep insights into these systems, especially non- Abelian ones 0, Q . Over the past 
few years there has been a renewed interest in non- Abelian states mostly because of their connection with 
topological quantum computing Model wavefunctions describing non- Abelian states can be constructed 
by using the conformal blocks of conformal field theories (CFTs). Much of the theory underlying the non- 
Abelian states is based on the monodromy properties of the conformal blocks. 

The Read-Rezayi (RR) states[3, [1]) some of which are thought to be experimentally relevant, are a 
paradigm for non-Abelian states. These states are given by the conformal blocks of a particular family of 
CFTs, the so-called Zfc Fateev-Zamolodchikov (FZ) parafermionic field theories (defined below) These 
are CFTs with an extended cyclic Z/c symmetry to which corresponds a set of conserved current with a 
particular operator product expansion (OPE). The current OPEs define the so-called parafermionic algebras 
and the wavefunctions constructed by using the corresponding current correlation functions inherit specific 
clustering properties. In particular one can show that, apart from some gauge factor, the (bosonic) RR 
ground states are symmetric polynomials which vanish when at least fc-|- 1 particles come to the same point. 
The fc— clustering properties make the Z^ RR states to be the unique densest zero-energy ground states of 
a k + 1 bodyinteraction Hamiltonians describing the energy cost to have fc -I- 1 particle occupying the same 
position [3, 0|. In the case of the 2-body (fc = 1) interaction, the zero-energy ground state is the Laughlin 
state for bosons at filling fraction u = 1/2. The model Hamiltonian of this kind are believed to capture the 
physics of two-dimensional systems in very high magnetic fields where the effective hamiltonian is reduced 
to the interaction between particles in acting in the lowest Landau level. 

Because of the importance of the RR wavefunctions, an intense research activity has been focused on 
the generalizations of these functions and therefore of the FZ parafermionic theories. In addition to the fc- 
clustering properties, symmetric polynomial are also characterized by the power r with which the polynomials 
vanish when the fc + 1st particle arrives. In terms of CFT, as we will see, the value of r determines the 
conformal dimension of the currents generating the Z^ symmetry. The RR states have r = 2. As it 
was observed in [3|, the Z^ Read-Rezayi wavefunctions, as well as other previously proposed non-Abelian 
wavefunctions 8], can be written in terms of a single Jack polynomial (Jacks, defined below) with negative 
parameter a = — (fc -I- l)/(r — 1). This has naturally suggested the possibility of describing quantum Hall 
wavefunctions in terms of Jacks. This approach has been the subject of a series of recent works 1^, 11, l2| 
where the connection between Jacks and FQHE models has been studied in detail. 

Interestingly, it was conjectured that the Jacks are directly related to correlators of certain CFTs based 
on the Lie algebra Ak-i, the so called WAk-i{k -I- 1, fc -I- r) theories 13, 3,[^. 



A crucial point is that for r > 2, the WAk^i{k + l,fc + r) theories are non unitary as it is manifest 
from the negative value of their central charge c . However, there are solid arguments 15, [l^ that the 



wavefunctions constructed using non-unitary CFT cannot describe topological gapped quantum phases. In 
this respect, a recent work [17| has proposed that unitary Abelian theories may be built from non-unitary 
ones. 

The initial observation that motivates the present work is that there is a family of CFTs, the parafermionic 
theories Z^'^^ defined below, which include the WAk-i{k + 1, fc + r) theories as a special case. In particular, 

(r) 

there exist Z^ ' theories based on a current algebra which is associative for each value of the central charge c, 

the Z^''^(c) algebras. Analogously to the unitary sequence of minimal models based on the Virasoro algebra, 

the Z'j^\c) algebras admit unitary representations for some discrete series of c values. We show that the 

correlators of Z^,'"'' (c) provide trial wavefunctions which satisfy for arbitrary c the same clustering properties 
as the non-unitary ones. Moreover, we show explicitly that, although the unitary wavefunctions cannot be 
expressed as a single Jack, they still show a fine structure where the mathematical properties of the Jacks 
play a major role. 
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2. Clustering Polynomials 



The CFT results presented in this paper have been inspired and motivated by the study of non-Abehan 
wavefunctions in FQH systems. In this section, we review some general properties of quantum Hall ground 
state coming from simple physical arguments. 

It is convenient to place the systems of n particles on a spherical surface of radius R with a uniform radial 
magnetic field with total flux . The position of i-th particle on the sphere can be represented as a 

complex variable Zi which is its stereographic projection. Each particle in the lowest Landau level has orbital 
angular momentum and the single-particle basis states have the form z"^fi(z,z) where m is the Lz 

momentum quantum number and fJ-iz-z) is the measure on the sphere, z) = 1/(1 + {\z\/R)'^ /AY^-^'I'/'^ . 
Therefore many-body wavefunction describing n particle states in the lowest Landau levels take the form: 

n 

- ,Z„,Z„) =P„(zi,--- ,Z„)]^^(Zi,Zi), (1) 

1=1 

where Pn{{zi}) is a polynomial in the n variables Zi. In this article, we will focus on bosonic systems 
(fermionic wavefunctions are related to the bosonic ones by a Jastrow factor). Therefore the polynomial 
Pn{{zi}) is symmetric in the variables Zi. 

To describe a quantum Hall ground state, the polynomial P„({zi}) has to be a translationally and 
rotationally invariant homogeneous polynomial with being the highest power in each variable z^. This 
means the polynomial have to satisfy the conditions: 

n 

^a,P„({z,;}) = (2) 
i=l 

p^zfd,P4{z,}) = -N^(^z}jP„{{z,}) (3) 
J2z.APn{{z,}) = (4) 

i=l 

where the conditions (H))-® are usually referred respectively as the highest weight (HW) and lowest weight 
(LW) conditions. On the sphere geometry, and n are related by the linear identity = v~^n — S where 
1/ is the filling factor and S the so-called shift. 

Here we are interested in polynomials P„({zi}) which are the zero-energy eigenstates of model fc -I- 1- 
body Hamiltonian. Using the notation of [Q], in the spherical geometry these Hamiltonians can be defined 
as the projection operator VJl that kills the state where any cluster of fc -|- 1 particles has relative angular 
momentum less than r. In other word no more than fc particles can occupy r consecutive orbitals. Defining 
Pn^'^Hizi}) the zero energy eigenstates of VJl, one can show that the Pn'''^\{zi}) should satisfy the fc— 
clustering conditions: 

Pn'^'^'H^i = Z2 = .. = Zk+l,Zk+2,- ■ ■ ,Zn) = (5) 

n 

Pi''''^\ zi = Z2: = Zk , Zk+1, ■■■ ,Z„) = Y\ {Z - Ziypj^''^l\zk+l,Zk+2,--- ,Zn) (6) 
^'z i=k+l 

As pointed out in [l^ , the highest density zero energy states satisfying the above properties can be 
found at 

(7) 

These polynomials describe (bosonic) quantum Hall states at filling fraction v = k/r, with a shift S = r. 
As we will show in detail below, the polynomials P^'^'^ satisfying the conditions (H])-® can be con- 

(k r\ 

structed by using general CFTs with extended Ik symmetry. Moreover, the symmetric polynomials P„ ' 



^wo use to distinguish the many-particles wavefunction from the parafermionic field defined later 
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are naturally associated to Jacks with negative fractional parameter. We will use these two approaches to 
describe the most general properties of the polynomials Pj^'^\ 

3. Symmetric polynomials and Jacks at a = — (fe + 1)/(t — 1) 

A general characterization of symmetric polynomials with fe— clustering properties ^ was initiated in 
the work of Feigin et al. In this section we briefly review their results and fix our notations. 

The Jacks J'^{zi^ - ■ ■ , z„) are symmetric polynomials of n variables depending rationally on a parameter 
a and indexed by a partition A, A = [Ai, A2 . . . A„] where the \i are positive integers and Ai > A^+i. For 
more details on Jacks see (20| . Defining the monomial functions m\ as : 



(M)='5(n4') (8) 



where the S stands for the symmetrization over the n variables, the expansion of a Jack over the m\ basis 
takes the form [2(]| : 

Jx =mx + '^u\f^{a)'m^. (9) 

The dominance ordering /i < A in the sum is defined as /ii + • • • + /i^ < Ai + • • • A^ {\ < i < n). The Jacks 
are eigenfunctions of a Calogero-Sutherland Hamiltonian [21]: 



J^"(zi,... ,z„) = (10) 



with eigenvalues Sx — X]" ^ii^i + ^/oi[n + 1 — 2i)). 

Let fc,r be positive integer such that + 1 and r — 1 are co-prime. A partition A is said to be (fc,r, n)- 
admissible if it satisfies the following condition: 

A. -A,+fc>r {l<i<n~k). (11) 

Given a (fc, r, n)-admissible partition A Feigin & al^l4] showed that: 

• the coefficients ux^{oi) do not have a pole for the particular negative value a = — (fc + l)/(r — 1). 

• the Jack 

2i, • • • , z„) vanishes when zi = Z2 = ■ ■ ■ = z^+i- 

• Let /(fe''-^") be the space spanned by the Jacks f'^+^^Z^'' ^^(^^i,--- ,z„) for all (fc, r, n)-admissible 
partitions A. /C^-^^") coincides with the space of symmetric polynomials satisfying ([5]). 

The case where the polynomials Pit'^\{zi\) are given by a single Jack Jx{{zi\) was considered in [3]. It 
was shown in 0] that a necessary condition for a Jack Jxii^i}) of total degree to satisfy the Eq.(l2|) 

and the Eq.Q is to have i) a = —{k + l)/(r — 1) negative rational and ii) A a (fc, r, n)- admissible partition. 
For a given a flux = r(n/k — 1), the only (fc, r, n)- admissible A is: 

A = [N^, N^, .., N^-r,N^-r,.. , ■ • • , ryr^ ] (12) 
k-timcs k-times k-times 

Finally, let s be an integer greater than one, s > 1, no = s(fc + 1) — 1 (corresponding to the number of 
particles occupying the m = orbital [7]) and A being a {k,r,n — no)-admissible partition, defined above. 
If one releases the (LW) condition but keeps the (HW) one, the Jacks are still characterized by having a 
negative a = — (fc + l)/{r — 1) and a partition A' which is obtained from A by putting A, = Ai + s(r — 1) + 1 
for i = 1, 2 • • ■ n — riQ. These states are interpreted as the quasi- holes states of the v = k/r FQH states [tI- 
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4. Parafermionic theories and fe— clustering symmetric polynomials 



A powerful method 0, 0] to generate polynomials which satisfy the properties ([2])- ([6]) is based on the 
chiral current correlation functions of the parafermionic theories. These are invariant CFTs where the 
current algebra is generated by a set of k parafermionic fields {\['q(2;)}g=o,i,- - ,fc-ij = ^ being the identity 
operator, with conformal dimensions = Ak-q. The parafermionic algebra takes the general form: 

^qiz)^Aw) = J^.-A.A '^I+A^)] (13) 

(Z — W) ' « 9 + 9 

^,{z)^k-q{w) = ^,_lyA, {l + iz-wr^T{w) + ---^ (14) 

where the sums q + q' are defined modulo k, [^'] indicates the operator ^E" and its Virasoro descendants and 
the 7g,g' are the algebra coupling constants. The above algebra realizes the extended Zk symmetry and 
includes the conformal one, as it can be seen from the presence of the stress-energy operator T{w) in HI]). 

We stress that the current fusions p3l) - p4)) represent only the general form for a candidate parafermionic 
algebra. The difhcult problem is to define completely the form of these OPEs, by fixing the values of A, 
and all the singular terms in the current expansions in order to obtain an associative algebra. Associativity 
ensures that the correlation functions of the chiral currents {^'j} are well defined. 

For a given candidate associative Zk algebra, the value of the dimensions A^ of the field '^q is the initial 
input. The simplest series of Aq dimensions that satisfy the first associative constraints are : 



^^^:_^_y_Hj q^i,...,fc_i. ,^2,3.-. (15) 



r q{k- q) 
2 k 

Therefore, for a given Z^. symmetry, the possible set of values of the current dimensions are determined by 
the integer r. Associativity requirements lead to a great number of additional constraints. If, for a value of 
r an associative algebra can be found, it is easy to verify that the polynomials P,['''^\{zi}) defined by : 



Pi'^'\{^^}) = {^{z^)...^{z,,))Y[{z,~Z,f^^-'^^ 

= {■^{z,)...^{z,,))\{{z,^z,r'\ (16) 

where ^'(z)=^'i(z), satisfy the conditions (H])-®. In this case one assumes that the number of particles n is 
a multiple of k (otherwise the correlation function is zero). The HW and LW conditions, see Eqs.^-Q, are 
a direct consequence of the global conformal invariance of CFT correlators while the fc— clustering properties, 
Eqs®-®, are given by the Z^ symmetry of the current algebra 01 (see Appendix 19. 4p . 

The study of the symmetric polynomials Prl'^''^'' {{zi}) is then directly related to the existence of associative 
solutions of the algebra ((T3)) . p4)) . This close connection between CFT approach and the classification of 
clustering polynomials has been also pointed out in [23, 0, 24 1. These solutions will be referred as l!"^^ 



theories. We will now discuss in more details this family of models and their properties. 



5. Z^ : Fateev-Zamolodchikov parafermionic models and Read-Rezayi states 

The number of the singular terms in (|13p - (|14p . and thus the complexity of the algebra, increases with r. 
The case r = 2 is the simplest one and it is determined by the following fusion rules for the '^i and "^k-i 
fields : 

^'i(z)*i(ii;) = 5— 7^*2 (w) + regular terms (17) 

[z — w)^/" 

1 f k + 2 \ 

^i{z)^k-i{'w) = „ ^;)2(fc-i)/fc y + "^("^ ~ wfT{w)j + regular terms (18) 

The above algebra is associative with a fixed value of the central charge c = 2(k — l)/(fc + 2). The most 
celebrated FZ parafermionic theories are constructed by studying the (degenerate) representations of this 
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algebra. In our notations, these theories are referred as the ' models. The FZ theories are unitary CFTs 
which describe the critical points of the Zfc self-dual spin lattice models fF|. The case k = 2 and fc = 3 
describe respectively the critical Ising and three-states Potts model. The Zk Read-Rezayi wavefunctions 
coincide with the Pi'^'^^ polynomials. It was shown in [7], that the Read-Rezayi states are written in term 
of a single Jack: 

A^[jV^,jV^,.., iV^-2,7V^-2,.. , ••• ,2^]; ^ ~ (19) 

k-times k-times k-times 



(r) 

6. Non-unitary and unitary theories for r > 2 

Although the study of the FZ theory generalizations has been at the center of an intense research, a 
complete classification of parafermionic associative solutions for arbitrary r and k is not yet known. 

(r) 

We present below a series of ZJ. algebras corresponding to particular k and r . The corresponding 

( k r) 

current correlation functions, and thus the properties of the polynomials P„ ' ' are then discussed. 

6.1. Non-unitary WAk-i{k + l,k + r) models andl}^^ theories. 

There exists a series of associative solutions which have a fixed value of the central charge and can 
be related to the so-called WA^-i theories. This is a family of CFTs, the WAu-^ (p, q). which is naturally 
associated to the simple Lie algebra Ak_i and indexed by two integers p and q[lj^. The WAk-i{p, q) theories 
are constructed from the study of the representations of the WAi._i algebras which are generated by a set 
of chiral currents {Ws} {s = 2, • • • , fc) with spin s {W2 being the stress-energy tensor T). The simplest 
example of WAk-i algebra is the WAi one which coincides with the Virasoro algebra; the associated 
theories WAi{p,q) correspond then to the minimal models M{p,q). The models WAk~i{p,p + 1), with 
p = fc + 1, fc 4- 2, • • • are the unitary representations of the WAk-i algebra. 

As mentioned in the introduction, the first theory in each unitary sequence, corresponding to p = k + I 

(2) 

coincides with the FZ parafermions, Z)^ = WAk-i{k -f 1, fc + 2) 



The model WAk-i{k -|- 1, fc -|- r) is non-unitary for r > 2 and has a negative central charge c (fc, r)[l3[: 



c^(fc,r)^(fc-l)(l-M!_i)!^ (20) 

Let's first consider the fc = 2 case with an arbitrary r. The Z2 symmetry is realized by one single conserved 
current ^'i(z) = ^(z) with possible dimension A — r/4. For r — 2 {A — 1/2), '^{z) is a free-fermion field 
and the associated function P„ ' ({^i}) describes are Moore-Read states, see section ([5]). For r = 3, 4 • ■ • , it 
has been observed in ^5, 2^ 2^ that the non-unitary minimal models M(3, 2 + r) (= II^Ai(3, 2 + r)) present 



an operator in their Kac table (more specifically the (f)i^2 operator in the standard notation) whose fusion 
realizes the Zj'^^ algebra with central charge c = c^(2, r) = r(5 — 2r)/(2 + r). In particular, one can show 
that for c = c^(2,r) the Pn'^'^\{zi}) satisfy Eg. pTH) with parameter a — —3/(7" — 1). This can be traced 
back to the fact that the operator ^(z) — ^1,2 satisfies a second level null vector condition [2^. This means 

(2 r) 

that the polynomials Pn ' can be written in term of a single Jack: 

p(2-)({.j) = j;-v(-i)(|^^l) 

X=[N^,N^,N^-r,N^-r,--- ,r,r] (21) 
N, = rin-2)/2; c ^ 



Note that the above partition A corresponds to the one defined in Eq. (fT2| with fc = 2. In |15[ it was shown 

(2 3) 

that the states with r > 2 cannot describe a gapped topological phase. In particular the state P„ ' {{zi}) 
corresponding to the so-called Gaffnian state [Sj is not a good candidate for describing gapped phase. 
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Now, consider the case r — 3 and k taking arbitrary integer values. It was proved in [26[ that there is an 
associative algebra Z^^^ where the central charge c is fixed to the value c = {k = 3, r). The corresponding 
model is shown to be equivalent to the VFAfc_i(fc + 1, /c + 3) one, Z^j^-* = WAk_i{k + 1, fc + 3). 

In general, analogously to the case of the operator 0i 2 appearing in the minimal models M(3, 2 + r), a set 
of operators of dimension given in Eq. (fT51) and realizing a parafermionic fusion [$^] x [<I>p] = [^q+p] 
can be found the Kac table of the WAk-i{k + l,k + 3) theory. The associativity of the algebra naturally 
derives from the fact that the conformal blocks of the WAk-i{k + + 3) are well defined. This means 
that there exists an Z^.''' algebra with central charge c = c^(fc, r) and the corresponding CFT coincides with 
the WAk-i{k + l,k + r) theory. Moreover, on the basis of the results and (PT|) where the polynomials 
Pri^'^\{zi}) are single Jacks, the general conjecture is that, for fc + 1 and r — 1 coprimes, 

A = [N^, N^, .., N^-r,N^-r,.. , • • • , ] (22) 

k-times k-times k-times 

N^^r{n~k)/k; c^c^{k,r) 

The above conjecture has been recently verified in Il2l| where the central charge, the quasi-hole operator 
scaling dimensions and the associated fusion rules [11[ were directly obtained from the ground-state (|22p and 
the quasi-hole wavcf unctions: the corresponding results were shown to match with the WAk_i{k + 1, fc + r) 
theory. 

We stress that for some r > 2, there exists 'Z^i^\c) associative algebras where the central charge c is not 
fixed but remains a free parameter. For values of c = c^{k,r), these parafermionic algebras include the 
abovementioned cases, z{,'^-'(c — {k, r)) — WAk-i{k + l, k + r). Mostly interesting is that the more general 
Z^,'^'' (c) algebras admit a sequence of unitary CFT for c taking a discrete series of values. 

(k r) 

Below we discuss in details these theories and we compute the corresponding P„ ' polynomials. More- 
over, by using the techniques developed in [2^, we give the expansion of these polynomials on a particular 
Jacks basis. 

(r) 

6.2. Unitary W^i?(r-2)/4 models and theories 

Let's consider in more detail the parafermionic theories based on the Z2 symmetry which are related to 
the fc = 2 clustering symmetric polynomials Pn . 

The sequence of values r = 4Z (/ = 1, 2 • • • ) is special as the dimension of the associated current ^'(z) 
is integer, A = /. The theory has a continuous symmetry and the parafermionic algebra loses its main 
characteristic to realize a discrete symmetry. Also, the case with odd r = 2Z -I- 1 is special from the Z2 
symmetry point of view: the field '^{z) has dimension A = (2/ -I- l)/4 and its correlator functions have 
branch points instead of a simple monodromy as required by the Z2 symmetry. 

We focus our attention on the sequence r = 2, 6, 10, • • • . This sequence of values is the most "natural" 
for the Z2 symmetry point of view. In fact, the half- integer dimensions of the fields ^{z) keeps the fermionic 
nature of this fields (i.e. the correlators are antisymmetric). The Z2 algebra with r = 6 (r = 2 is the 
FZ theory) coincides with a very well studied chiral algebra, the so-called = 1 superconformal algebra. 
In this case, the dimension of the Z2 conserved current is Ai =3/2 and it generates the so-called = 1 
superconformal algebra. 

For increasing r = 10, 14, • • • the current fusion presents more and more singular terms (r/2 terms) which 

have to be specified. Naturally, this is consistent with the fact that the polynomials ^2;.' have higher degree 
and thus more monomial coefficients have to be determined. For increasing r there are more associativity 
constraints to be satisfied but, at the same time, more degrees of freedom: it can indeed occur the possibility 
that, besides the stress-energy tensor T{z), other chiral primary fields appear in the current fusions. To 
each chiral field entering the current OPE it corresponds a coupling constant which can be tuned to satisfy 
the additional associativity requirements. Naturally the enclosure of the algebra should then be verified. 
For r — Al + 2 {A = I + 1/2), / = 0, 1, . . . , it turns out that, in order for the central charge to be a free 
parameter, the parafermionic algebras have to also contain I — 1 bosonic fields of dimensions A = 4, 6, • • ■ ,21. 



mm- 
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These algebras are known as WBi algebras and their representation are naturally associated to the simple 
Lie algebra Bi . 

We stress that the lusion of a field with Abelian monodromy can contain more than one primary field 
in its OPE. Consider for instance the case r = 10 which will be discussed in more detail below. Although 
the Z2 current ^> presents in its fusion another primary operator W of dimension 4, ^'5' I + W , the 4" 
field has Abelian monodromy: this can be directly seen on the associated functions p'^'^^'' which is a simple 
polynomial. An operator has a non-Abelian monodromy when, in its fusion, there are primary fields whose 
dimensions do not differ by integers. The typical example is the spin operator cr in the Ising model (Z2 in 
our notations) with the fusion aa ^ I ~\- e where A/ = and = 1/2. 

Below we present in detail the r = 6 and r = 10 cases. 

6.2.1. r — Superconformal theories 

Here we are interested in computing the symmetric polynomial P^'^'^\ In this case the dimension of the 
Z2 conserved current is Ai = 3/2 and generates the so-called = 1 superconformal algebra. This algebra, 
which we denote ^2(0), is defined by the fusion: 

^^>{z)^{0) = -^(^l + z^^T{0)^ (23) 

The unitary sequence of the A^ = 1 superconformal algebra ((23)) has a parametrized central charge : 

For c = -21/4 we have seen that Z^^^(-21/4) = M(3,8) and the function P]^'*^^ is given in Eq.dUl) in 



terms of a single Jack: 



c = : Pt'\{^^^}) - ^[6,6]'({^a) (25) 
Now we can show explicitly that this is not true for general c. 

Let us first consider the behavior of the function P^'^'^\zi, Z2, 23, Z4) when two particles approach at the 
same point. Using the fusion rule ([^5]) in the expression p^ . one has: 

lim Pf''''(zi,Z2,Z3,Z4) - {Zl-Z3f{z2-Z3f{zi-Z4f{z2-Z4f ( I + - {z, - z^f {T (z,)^ (7.2)^ (Z3))] (26) 

22^21 \ C / 

One can observe in the above equation that the function pj^'^\zi, Z2, z^, Z4) contains a 1/c term which 
vanishes whenever two particles are at the same point. We can write the pj^'^-* polynomial as : 



P^^^'\{z,}) = Pt'^^'\{z,}) + ipf •'^)(2)({zJ). (27) 

where P4 ' {{zi}) and P4 ' \{zi}) are two homogeneous polynomials in the n — A variables which both 
satisfy the (HW) and (LW) conditions and are of the same degree as P^^'^\ Note that in the above equation 
we have excluded the possibility of other terms (for instance 1/c^ terms). This is because the algebra 
([23]) . which does not contain 1/c^ terms, fixes all the singular terms in the fusion VE'^' and thus determines 
completely the correlation functions. This is also consistent with the fact that, given A^^ = 6 and n = 4, 
the number of independent polynomials dominated by the corresponding root partition and satisfying (HW) 
and (LW) conditions is 2. In general the total number of independent homogeneous polynomials dominated 
by a given root partition can be numerically computed solving the linear equations (HW) and (LW) in the 
so-called squeezed basis (see e.g. (sojV 

From the expression (fT6|) and the fusion rule ([23]) one can easily verify that P!l'^'^'''"^\{zi}) has to vanish 

f 2 6^ f 2I 

when 3 particles are at the same point while the term associated to P^ ' ({z^}) vanishes when only 2 
particles are at the same point. This means that P4'^'^'"'"'^' ({z.;}) and P4^'^'""^''({zi}) belong respectively to 
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the spaces /(^^s,™) g^j^^j j(i,2,n)^ section On the basis of these considerations and of ([^5]) . we obtained 
the foUowing expansion for the polynomial P^^'^^: 

Pi'''\{z.}) = J[,%'{{Z.}) + ^^^J[e%2]i{^^}) (28) 

The form of the expression ((28)) is very suggestive: indeed the second term in the r.h.s of the above 
equation is a kind of "healing term" which keeps the k = 2 clustering conditions and makes possible, for the 
values of c given in to associate the pj^'^-* polynomials to unitary CFTs. Note that Jjg^ 2] exactly 
the (bosonic) Laughlin ground state at filling ~ 1/2: 

'^[6A2](^l'^2,23,Z4) = Y[ {Zi-Z]f (29) 
l<i<j<4 



We will see below how the result in ([28)1 generalizes to the case of r = 10. 

6.2.2. r = 10; WB2 theories 

Let us consider now the case in which the Z2 field ^'(z) has dimensions Ai — 5/2, corresponding to 
r = 10 US]). 

The associativity of the chiral algebra ()13|) - ()14p for arbitrary c requires the introduction of an extra field 
W{z) with dimension A\y = 4. The explicit form of such algebra is [31]: 

^{z)^H = -J— + -J—^T{w) + dT{w) + --- 

[z — w)° [z — w)'^ c Zc(z — Uij"^ 

In the OPE (|30)) A{w) is a descendant of the identity operator and can be expressed in terms of the stress 
energy operator as A{w) =: TT : (w) = l/(27ri) dz{z - w)-^T{z)T{w). 
The algebra constant 7 is again fixed by associativity requirements to be: 

^ 75(13+ 14c) 

' c(22 + 5c) ^ ' 

The fusion (|5D)) is a part of the WB2 algebra which is defined by the fusion of the field W{z) as well [3l| . 
and the corresponding unitary sequence have central charge: 

c-Ul- ™ = 4,5-.. (32) 



2 \ m(m + 1) 



We have computed in Appendix ()9.ip the four— point correlation function < (zi)"^ {z2)^ {zz)'^' {Z4) >. 
We have found that the corresponding polynomial pj^'^'^'' can be written as: 

Pf -"'({^J) = J[7o\fo,({-J) + ^^(^f + ^^) p(^) (33) 



44c 
where 

P^'^Hi^i}) = -^^[10,8, 2] ({^^}) ~ "^[10,7,3] + ^"^[10,6,4] + ^'^[9,7,3,1] ~ 5^48 "^[9,6,4,1] + "^[8,6,4,2] (^^) 

As in the case of the superconformal theory, k — 2,r = 6 see Ea. (|^5)) . one can notice that pj^'^"-* decomposes 
into two independent polynomials: 

Pt'\{z.}) = Pf '^"^(^^({z.}) + ipf '^°)(^)({zj). (35) 

where Pi''''^^'\{z,}) = J[,o!io]iU^}) + 125/44P(2)({zJ) and Pi''''^^^\{z,}) = 25/44p2({zJ). These two 
polynomials are homogeneous states on the sphere, i.e. satisfy the HW and LW conditions, but with different 
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clustering properties: P^'^'^'^'''"^\{zi}) vanishes when there is at least 3 particles occupying the same position 
^•p(2,io)(i)^|^^|-j g j(2,2,4)^ while -Pj^'"'^''''^^'' ({zi}) is zero when as soon as two particles are at the same position 
( P^^'^^^^^\{zi}) £ l'^^'^''*^). From the expression one can see that Pl'^'^^'''"^\{zi}) can be written in 

terms of Laughlin states at = 1/2 with 4 quasiholcs added. 

Another interesting remark is that, although the algebra ([50)1 presents 1/c^ terms, the four— point cor- 
relation function (or equivalently Pj^^'^"-*) does not. This can be traced back again to the associativity 



requirements: to satisfy these, the constant 7, defined in Eg. pip , has to be fixed in such way to cancel the 
1/c^ terms. As observed in section (|6.2.ip . this is also consistent with the fact that for = 10 and n = 4, 
the dimension of independent polynomial satisfying (HW) and (LW) conditions is 2. 

6.3. Unitary j}'^^ theories 

For r = 4 it was shown in Q that there exists a parafermionic algebra which is associative for arbitrary 
c. The unitary sequence for the Zg^' (c) model has been investigated in [s^ . Further developments on the 
general model Z^'^-' (c) were presented in |^33i] , while the explicit construction of their unitary representations 



has been analyzed in depth in 3J| . For fc = 3 and r = 8 an associative solution has been constructed in 
The representation theory of the Zg ' (c) algebra is not known. 

6.3.1. k^i,r = A 

In the previous sections we have analyzed the wavefunctions associated to some Z2 (fc = 2) parafermionic 
current algebras. We now move to the symmetry Z3 and to the wavefunctions satisfying fc = 3 clustering 
properties. In the case Z3 we have two parafermions '^{z) and '^^{z) with the same dimension A = r/3. 
Analogously to the case Z2 symmetry, the values ofr = 3,6,9,-- - are not natural for the Z3 symmetry: the 
currents have an integer dimension and the symmetry of the theory is a continuous one. 

The next interesting case after r = 2 is r = 4, corresponding to A = 4/3. The corresponding algebra 
reads explicitly: 

*(z)*H = l^{^\w) + {z-w)d^-^\w) + ---) (36) 

[z — w)'^'-^ 

*W*^H = 1^)8/3 (i + (^-<|t(^) + ---) (37) 



where 7 = 4/3-\/2/c — 1/4 is a constant fixed by associativity requirements and c is free. The unitary 

4^' 



sequence of the Zg^-* (c) model has central charge |3f 



= 2(1- .^\., ) m = 3,4... (38) 
\ m(m + 4) y 

The first theory of the unitary series (m — 3) coincides with the unitary minimal model M(6, 7) with central 
charge c = 6/7 which describes the tri-critical behavior of the three-states Potts model. 
We are now interested to the function: 



Pt'\U^}) - (VI'(Z1)*(Z2)*(^3)*(^4)*(^5)*(^6)) J] " ^^^^ " (39) 

i<j 



We have computed explicitly (for details see Appendix 19. 2. ip the function ([39| . We found the following 
expansion in term of Jacks : 

Pt'HU.}) = J[,T4^^.}) + ^^^^'/[4l2,2]({-^}) (40) 

For c = —40/7 one recovers the result of Q and conjectured to correspond to the correlators of the non- 

^3^^ theory factorizes into two copies of Zg'^ 



unitary theory WA2i3, 7). For c = 8/5 = 2 x 4/5, the Z^^^ theory factorizes into two copies of Z^''"^^ CFT. 



We have thus verified that, for this value of c 



^^f'^({^J)= kf'^({^J)l'= k[2,2,2l({^0)l' fore = 8/5. (41) 
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Analogously to the case k = 2, one can observe that the function P^^'^^ admits a decomposition into two 
terms: 

Pt'\{-^}) - Pt''''\{^^}) + lpt''''\U.})- (42) 

The term Pe^''^^^^\{zi}) = J[4^'^4^ +28/45Jj^'^ 2 2]({'^»}) satisfies the k — 3— clustering properties and the 1/c 
term PQ'^''^^'''^\{zi}) = (32/7) Jj^'^ ^ 2] satisfies k = 2 clustering properties. 

The "correction" term J^^^ ^ 2] describes the Moore- Read states and allows to move from the non- unitary 
theory associated to the Jack '1/4] to a unitary one. 

6.3.2. k = 5,r = 'l 

Another interesting example is that of fc = 5, r = 4. In that case r — 1 and fc + 1 are not coprimes, and the 
corresponding W-theory ^^^4(3, 9) is not well defined. However the parafermionic theory Zg'*-' is a perfectly 

(4) 

valid CFT, and the central charge c is a free parameter. The unitary sequence of the Zg model has central 
charge Q : 

= 4(1- m = 4,5--- (43) 

\ m(m + 2) J 

The second theory of the unitary series (to = 5) with central charge c = ^ , coincides with two copies of 
the FZ k — 5 parafcrmions. We are now interested in the function : 



p^'o•'\{^^}) = (*(^i)*(^2) . . . ^{zio)) n - ■ (44) 

i<j 



We have computed explicitly (for details see Appendix 19. 2. 21) the function (|44| . The following expansion 
in term of Jacks was obtained: 

{5A) _ f j-6 Y 128/1 7W 5 3 5 18 5 3 5 

PlO — \^'^[2,2,2,2,2]j + "25" V C ~ 16 j I [4,4,4,4,2,2] ~ g "^[4,4,4,3,2,2,1] + "y" "'[4,4,4,2,2,2,2] + Jl [4.4,3,3,2,2,1,1; 

(45) 

Note that , as we already mentioned before, we cannot compare the Eq. (|45|) with the Eq. ((22| . This can be 
seen directly from the fact that the Jack Jj" ^^^^ has a pole for a = — (fc + l)/r — 1 = —2. 



7. General structure for n-point functions -P„=2fc({-^i}) 

In the previous sections we have computed explicitly the Pn^2kii-^i}) symmetric functions generated by 
various generalizations of parafermionic theories and we have discussed in details their clustering properties. 
These properties are made manifest by the expansions in terms of Jacks we presented. In particular, we have 
seen in Eqs ([771) . (|35p . (|l^ and in the Ea. (|15)l that the P2k'^H{zi}) is written in terms of two polynomials 

pr^^^^({^.}),^ir''^({^j): 

P^t^'Hl^.}) = P^t'^^^'Hi^.}) + lpi''^^'\{^.}) (46) 
characterized by the following properties: 

• P2k'^^''^^ ii-^i}) ^ife '^'""^'' ({^i}) are symmetric functions of 2fc variables which satisfy LW and HW 
conditions 

• Pi'"''^^\{z,}) £ /(fc,2,n=2fe)^ p_(fc,r)(2)^^^^^^ ^ j(fc-l,2,n=2fe) 

For each Z^ theory, the 2fc particles functions are the building blocks to compute the most general n particles 
functions Pn'''^\{zi}). In fact, using the current OPEs, it is possible to compute recursively the point 
correlation functions by relating them to the n — I and n — 2 ones. In the Appendix 19.11 we show this 
procedure for the case Z2^"^(c). 
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As we show below, the form of the parafermionic algebra Z^'^-*(c) imphes a general structure for the 
function Pi''''^''({zi}): it can be expressed in terms of / independent polynomials P/^'^''^'"-*' ({zi}) {i — l,--- ,1), 

p('=-)({zj) = Plt''^^'\{z.}) + IpL^'-^^'Hiz^}) + ^Pt'^'^'\{^^}) + ■■■ JztP!!:''''''\{z^}), (47) 
which are characterized by the following properties: 

• Pik '^'^''^\{-^i}) ; * = 1) ' ■ ■ 7 ^ s-re symmetric functions all satisfying the LW and HW conditions ([l])-®- 
Pik'''''^^\{zt}) e /(fc.2^"='fc) (see sectionEI 

Pik '^^''^\{^i}) * = 2, • • ■ ,1 vanishes when I — i + 1 cluster of k particles are formed: 

T~,(k,r){i) / 

^Ik [Zl — ■ ■ ■ — Zk, ■■ , — • • • — Z(;-i)fc, 2;(;-i)fc+l, 2(;_j)fc+2i ■ • • J 



Zi 



l—i I — I 



= WiZ. Z.rW n [Z.-zifPi'^^^ (48) 

l = j<J i=l j>(l-i)k+l 

= ■ • ■ = •■ = • • • = 2(;-i)fc,Z(i_i)/c+i = • • • = Z(,„i+i)fc, ..) = (49) 

^ V ' s y v y 



We show now how the form of the Z^'^'' (c) algebra leads to the properties ((47|l - (j49|) . For the sake of clarity, 
we discuss the case where k = 2, r — Q. The polynomial P,!^'^'' (fT6|) reads: 

Pi?''^ = (*(^1)^(Z2) . . . ^{Zn)) X{{z^ - Z,f . 



a 1 1 
n nclcls 



Using the OPEs for the parafermionic field ^E* in (c) , one can derive the following relation for the 
n-point correlation function (5'(zi)^'(z2) . . . ^(z„)) 371. |38|: 



From this recursion relation it is clear that the n-point function Pn'^^ admits an expansion in powers of 
1/c: 

p(2,6) _ V;^ i p(2,6)(i) 
i=l ^ 

where the polynomials i = 1 • • • ^ are independent of c. Moreover they have to satisfy the 

LW and HW conditions, and they must obey the same clustering properties as p!^'^\ They all vanish when 
one cluster of fc + 1 = 3 particles is formed, and : 

n 

PntTH^i = Z,,Z2^Z,,zs--- z^) = \{{Z, - ^O'^SJi-D^^s, ^4, • ■ • Zn) (52) 
Iteratively, forming p clusters of 2 particles Z2m-i — Z2m = Z^ for z = 1 • • - p, one gets : 



11 



Zn) = (53) 

Zn) (54) 

Since P'^J^2i'^'' = for i > ^ + 1 (except when I = and i = 0), it is clear that for i > 2, P^J^2i^^ vanishes 
when p — I — i + 1 clusters of fc = 2 particles are formed. This proves the results announced in this section 
for the case A: = 2, r = 6. 

We have verified the form (|47p by computing explicitly the n-point correlation functions of the "L^^ (c) 
and Z2^'^^ (c) theories. Recently, a compact expression to generate the n-point correlation function of the 
Z2^^(c) theory has been explicitly given in [s^. It was shown that, analogously to the Ising case (Ai = 1/2), 
one can express the ^'2^'^'' ({^i}) polynomial in terms of the four-point function: 

X(Z1,Z2; 23,24) = (^--)(2l-23)^(2l-Z4)^(22-24)^(22-Z3)^ + -(2l-23)'^(2l-24)^(22-Z4)'*(22-23)^ (55) 

o c c 

by: 

Pn=^2li{Zi}) =^ n X{zp{2t-l).Zp(2i)-Zp(2j-l),Zp(2j)) (56) 
P l<i<j<l 

One can notice that, for the case n = 6 for instance, the Pri^'^\{zi}) ^ X)pXXX contains a product of 
three x functions. The term 1/c^ coming by expanding this product is antisymmetric and vanishes after 
symmetrization. One then recovers the expansion (|47p . 

A highly non-trivial check of (|T7)) is provided by the theory WB2 corresponding to fc = 2 and r = 10 
(see section IB. 2. 21) . In this case, the corresponding 'I'^' fusion presents singular terms with 1/c^ coefficients 
entering in the computation of correlation functions. We have derived in Appendix 19 . II the recursive relation 
to compute the n-point correlation functions. The explicit results obtained for n — 4,6,8 match with the 
expansion (|47)) . 

Finally we remark that very similar clustering properties as the ones characterizing the polynomials 
p(k,i~){%) (jgg^g^ above were considered in (soj : the behavior of symmetric functions P{zi, ■ ■ ■ ,z„) which i) 
vanish when a number s of clusters of k particles is formed and ii) does not vanish when a cluster oi sk — 1 
particles is formed were studied [s^. Note that this last property is not satisfied by our p^'^^'^^^ polynomials 
which all vanish when a cluster of -|- 1 is formed. 



n=2l 



p n 



■ Z2p-l,Z2p ,Z2p+l, 

Z2p-1—Z2p—Zp 



l<i<j<p 



i=l j=2p+l 



8. Conclusions 

In this paper we considered polynomials Pi'^'^^izi}) which are symmetric in the n variables Zi and 
which correspond to the densest polynomials satisfying (fc,r) clustering properties. The interest in these 
polynomials is motivated because of their possible connection to non-Abelian bosonic FQH systems at filling 

. (k r) . 

fraction v — k jr. Recent studies have considered polynomials Pn ' which are expressed in terms of single 
Jacks and which are given by correlation functions of non-unitary CFTs. However, there are solid arguments 
that the states derived by non-unitary CFTs cannot describe gapped phases. 

We presented a systematic study of the CFT approach to generate the P^'"^^ polynomials. As we pointed 
out, this problem is directly connected to the classification of parafermionic algebras. Particular attention 
has been given to the possibility of generating the PA ' polynomials by using unitary CFTs. We have then 
considered in details certain families of parafermionic algebras Z^T'' (c) which have a central charge c as a free 
parameter. The Z{f (c) algebras studied here are known to present unitary sequence of CFTs. An example 
is the case l^^^i^ = li 2 • • • ), which coincides with the W theories associated to the Bi Lie algebras. We 
computed the t}'^^ (c) correlation functions for different values of k and r and we gave the explicit expansion 
of the associated PA ' polynomials in terms of Jack polynomials. For particular (negative) values of the 
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central charge c, our results coincides with the single Jack states studied in previous works and given by 
non-unitary WAk-i{k + 1, fc + r) theories. For other values of the central charge c, including the sequence 

(k r) . 

of unitary CFTs, we show that the Pn ' polynomials can be expanded in a series of Jacks with specific 
generalized clustering conditions. 

At our knowledge, many of the unitary CFTs discussed in this paper have never been considered before 
in the study of non-Abelian FQH states. In a forthcoming work, we will address the essential question of 
the quasiparticle properties induced by these CFTs and the eventual connection with the approach based 

I 1 I 1 if^ j:^ 

on patterns of zeros [23|, |2J| . It is important to remark that the states P„ ' are the zero-energy eigenstates 
of the pseudo-Hamiltonian VJl but, for (A; = 2,r > 4) and for (A; > 3, r > 2), they are not unique. We did 

(k r) 

not find an Hamiltonian which admits the P„ ' states as unique ground states. However, S. Simon has 
informed us that there appears to be a Hamiltonian that produces the 'Z^^\c) state[40j. We mention also 
that the Z|(c) theory was considered in where the states V^^^ were compared to exact diagonalizations 
results of bosons at v = 3/4. The higher overlap were obtained for non- unitary members of the series. It 

( k r) 

would then be interesting to check the predictions of these CFTs and to verify if the unitary functions P„ ' 
we computed can or not be good candidate for describing non-Abelian states. 

Acknowlegdgement: R.S. thanks N. Cooper for very helpful discussions. He is particularly grateful to 
Th. Jolicoeur for very useful advises and support all along this work. N.R. acknowledges B.A Bernevig for 
numerous discussions and insightful remarks, and N. Read for careful reading. We also aknowledge S.Simon 
for pointing out his talk at IPAM 2007 and for communicating us some of his unpublished results. 

9. Appendix 

9.1. Computation of the ^ correlation functions for Z,^^^ 

We show here how to compute the 4* correlation functions of the WB2 theory by using the OPEs ([30]) 
and the fusions between the fields W and ^E": 

[z — w)* (z — [z — W)^ 

^ (7iii5™*(w) + 7i29i„i-2^'(w) + -fsL^s^iw)) + Regular terms (57) 



{z — w) 



In the above equation 7 is the algebra constant given in Ea. ([?T|) . the P„ are the stress-energy tensor T{z) 
modes: 



L,,^{w) = — / dz{z ~ u;)"+iT(z)^'H, (58) 
and the constants 7.. are fixed by comparing the conformal transformations of the l.h.s and r.h.s. of Eq. (|57p 

_ 4 _ 2(8 -he) _ 4(-110+ lOc^ -t- 19c) 

~ 5'^ " 3(25 + 2c) " 15(325 + 376c +28c2)^ 

12 _ 8(82c+215) 

~ 25 + 2c^ ^^'^ ~ 5(325 + 376c +28c2)^ 

^ 5(UcTl3) ^ 
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Using the OPEs ^ one has: 

+ \ E {T{z,)nzim^^)---^{zr>)-) + 

+ 1 E (z^~-t)^ ^^^ (T(z,)*(zO*(^™) • • • + 

j— 2,3---n ^ -^"^ 

^'^mM S ^ai(T(.,)*(.o*(.j --..(.,)..)+ 

^ ' j— 2,3---n ^ ' 
l,m,p---^lj; l<m<---<p 



2c(22 + 5c) ^.^^^ (^1-^,) 

l,rn,p---^l,j\ l<m<---<p 



+7 E (60) 

^ [Zl - Zj) 



Analogously, from the expansion (|57p we have: 



+71 E -^^^a,^.(*(z,)*(zO«'(^™)---*(^p)..) + 

j^2,3---n ^ ■^■^ 

+711 E 77-:^^'. • ■ • + 

j"^2,3---n ^ ^ 

+72 E y^^^^(i-2*fe)*(^/)*(^™)---*(^p)-) + 

j^2,3---n ^ 
l,m,p---^l,j; l<m<---<p 

+7111 E 7^^^^'. (L-2*fe)*(z/)*(z„0 • • • + 

j=2,3-n '-^l 

+712 E T^^;^9.,(L-2*(z,)v|/(zO'J'(^™)---*(^p)..) + 

+73 E 7^^^(£-3*(^,)^(^0*(^m)---*(^p)-) (61) 

l,m,p---^l.j; l<.m<---<p 
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In order to explicitly compute the above expression we need the following general result: 
(L„$(zi)$(z2)---$(z„))} ^ (z-zir+i(r(z)ci>(zi)$(z2)---<i>(^„))) = 



n 

= -T.^f - ^i)"^' {HziMz2) ■ ■ ■ T{zMz,) ■ ■ ■ $(z„))> = 

^ (n + l)ZW Wt^^. ) ($(-i)$(-2) •••$(.„)) (62) 

which come from standard deformation of complex contour integrals and by the primary operator property: 

T{z)<^(w) = -^1— + -J—d^^w) (63) 

[z — w)^ z — w 

Using Eg. ([60]) - ([62]) one can evaluate iteratively all the point correlation functions. With the help of 
Mathematica we could exactly evaluate the four and six point correlation functions. 



Ptk•''\{^^}) = (*(^l)-..*(^2.))n(^^.)'''"''^' (64) 



(r) 

9.2. Computation of the 2k— point function for ZJ. , with r — A 
We are interested in the following polynomial : 

It is obviously symmetric in z^, and it enjoys the following properties, inherited from the underlying CFT 
(cf appendix ill): 

• The degree in each variable Zi is — r 

• It is homogeneous with total degree ^nN^ — kr 

• It obeys the (LW) and (HW) conditions 

• clustering property : Pn'''''\zi = Z, . . . ,Z2 ^ Z,Zk ^ Z, Zk+i, ■ ■ ■ , z„) oc nr=fe+i(^ ~ 

One can expand this polynomial in the monomial basis {m\}, where A must obey : |A| = ^.^Xi = 
kr, 1{X) < n, Ai < r. Thus A is nothing but a partition of kr that fits in a 2fc x r rectangle. 

pi%:'\{^^}) = E (65) 

x<[r, r,...,r] 

k 

The first terms in this expansion can be obtained by considering the following specialization : 



2k 

where 



P2t'''\^l = ■ ■ ■ = ^k-l = 00,Zk = l,Zk+l = Z,Zk+2 ^ ■ ■ ■ = Z2k = 0) OC i?fe(z) (66) 



Rk{z) - (*Hoo)*(l)*(z)*t(o)) (1 _ zy/'' (2)'-('=-i)/'= (67) 



In the following we focus on the case r = 4. In that case the four— point function Rk{z) is given by (cf 
Appendix |9?3| ) : 

4 2(fc-4) /4(fc- 1)^ \ 9 4 . 4 
Injecting Eg. ([55)1 in Ea. ([5S)) yields immediately (up to a global normalization): 
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a[4,4,...,4,4] = 1 (69) 
^ V ' 

k-l 

4 

«[4,4,...,4,3,il = -T (70) 

fe-1 

_ 2(fc-4) f 4(k-ir A .„^. 
«[4^4_4.2,2l - (^7^31)7 - V ^^^^ 

fe-i 

Demanding that the expansion obeys the (HW) and (LW) properties further constraint the coefBcients 
ax- As it turns out, this is sufficient to determine completely the polynomial -Rj^^'^^ for k <5. 

9.2.1. k=3 

There are 18 monomials m\, and translation invariance (HW) yields 16 independent constraints, and we 
are left with a two dimensional space ((LW) is automatically satisfied in that subspace). Since ^[4^4] and 
•^[4 4 2 2] belong to this space, they form a basis : 

^From the analysis above we know that : 



a[4,4,4] = 1 (72) 
4 

a[4,4,3,i] = (73) 
2/16 



a[4,4,2,2] = g(^- + l) (74) 

By comparing with the exact expansion of the Jacks '/[4Y4 q q qj and Jj4 4 2200] finally gets for a 
generic central charge c : 

-^6 ' ■'({^j}) = "^[4,4(4] + T + c) "^[4,4,2,2] (75) 

9.2.2. k=5 

In that case there are 55 monomials m\ and translation invariance yields 53 independent constraints, 
and we are again left with a two dimensional space. 

But this time ./j" 4 4 4 4] is singular for a = — |^ = — 2 . This is possible since r — 1 and fc + 1 must 

be coprime to ensure definitcncss of the relevant Jacks. Nonetheless the polynomial p[q''^^ is perfectly well 
defined by the parafermionic algebra of Zg^^ . 

This polynomial can be expressed using Jacks through : 



.(5,4)_/^-6 ^Vl^^_l^^-5 _3^-5 ,18^-5 ,1^-5 

10 ~ ^^-^ [2,2,2,2, 2]^ 25 V C 16/ \ [4.4,4,4,2,2] g "^[4,4,4,3,2,2,1] ^ 7 "'[4,4,4,2,2,2,2] ^ -|^-|^ "^[4,4,3,3,2,2,1,1] 



(76) 



9.3. Computation of a particular 4— point function for l}-^^ 



In order to evaluate the 2fc— point correlators in it is convenient to know the exact form of the 

following 4— point function (\l/_i(cx))\l/i(l)\l/i(2:)\E'_i(0)). It is straitforward to obtain it from the l}'l\c) 
OPEs : 
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= '\^U,{z') + {z-z')ld^2{z')+0{{z-z'r)) 

= l^(i + (^,-,'f^^t^T{z') + 0{{z-z'f)] 

{Z-Z') ~^ \ KC J 

Since ^'1(2;) ~ ^-2(fc-i)/fe -^hen z ^ 00, the following polynomial is of degree at most 4 : 



(77) 
(78) 



R^{z) = (*_i(^)«'i(l)«'i(2)4'^i(0))(l-^)^^2*^ (79) 

= ao + O-yZ + 02^^ + ^3-2^ + CLiZ'^ (80) 

The conformal transformation z ^ \ gives 

J?fe(2) = z^Rki}^) (81) 
z 

i.e. 04 = ao and 03 = ai, so there are only 3 parameters left. It turns out that the dominant terms in 
the OPEs are sufficient to determine all aj's : 

= ^—^{^^{z')^0{{z-z'))) (82) 



{z-z'f " 

^r{z)^-Az') = ^^(l + 0((z-z')')) (83) 

(z - z') 

By comparing the OPEs with the polynomial as 2 — » one finds ao = 1, ai = — |. And doing so as 
z^l gives Rk{l) = Ei = 7^ 

Rk{z) = (*_i(^)*i(l)*i(z)*_i(0))(l-2)'^2^^ (84) 

Finally, the algebra constant 7 and the central charge c are related by the associativity of the OPEs in 

2 8(fc- 1) /fc-1 k-4\ 

Rk{z) = (*_i(^)*i(l)4'i(z)*„i(0))(l-z)'^z4^ (87) 

P..^. Conformal properties through the stress- energy tensor 

In this appendix we show how conformal invariance for correlators translates into (LW) and (HW) 
conditions fro the corresponding polynomial. Let us consider a generic holomorphic n— point correlator in 
any CFT : 



i=l 



whore the $i arc primary fields with conformal dimension A^. The behavior of the stress-energy tensor 
at infinity, namely T{z) ^ jf, together with the conformal Ward identity for primary fields T{z)^i{zi) = 
{z-zi)^ ^iizi) + j^(^^iizi) + ■ ■ ■ cnsures the following properties : 
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^.izP{T{z)l[^i{zi))=0 forp<2 (90) 

i 

This gives for p = 0, 1, 2 : 

Y^diiUM^,)) = (91) 

i i 

Y,{zidi + Ai){l[^i{zi)) = (92) 

i i 

^(z2a, + 2z,A,)(n*.(^i)) = (93) 

i i 

We now consider the special case of a paxafermionic CFT Z^j^^ , where the parafermionic fields have 
dimension A, = ^^Ltpl, We are interested in the properties of the following polynomial : 



^i'-'^Hf^o) = (*(^i)...*(^„))n(^-^i)'^'"^' 

i<j 

= {^i>{z,)...^{zr.))ll{z,-zjf' (94) 

i<j 

Introducing the standard notation Ep — ^f'^i S^* • 

Eo(^{^'^{z^))^ = (95) 
Ei^ill^iz,))^ = -nAi(n*(^.)) (96) 



k 2 



This gives for the polynomials 



El 
E2 



(97) 



The phase term W^^j z^j also behaves nicely: 



(100) 



Eo(Pi''^) = (101) 
(P«) = iniV$p('=) (102) 
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i.e. Ng, = — 1) is the degree in Zi and ^nN^ = ^n{j — 1) is the total degree of the polynomial. 

These properties are nothing but the Highest Weight (HW), homogeneity and Lowest weight (LW) 
conditions. They are inherited from the underlying CFT, and are just a rewriting of the Ward identities 
associated to the global conformal transformations SL{2,C). 

9.5. Equivalently through conformal transformations 

All these properties can be integrated by applying the finite form of these SL{2, C) transformations. 
Under z — > f{z) primary fields transform like : 

$a(z)- (^)^$a(/(z)) (104) 
Translations, dilatations and special conformal transformation yield : 

• Z —^ Z ~ Zn 

P^}"^ (zi, . . . z„) = F^'^^ (zi - z„, Z2 - z„, . . . , z„_i - z„, 0) (105) 
i.e. P is translation invariant (HW) 

• z — > Az 

) (Azi, Az2, . . . , Az„) = A^"^'^Pf ) (zi, . . . z„) (106) 
i.e. P is homogeneous with total degree ^nN^ 

• z^-i 

p« (zi, . . . z„) = n (-^)''' f--' (107) 

which is just the integrated version of the (LW) condition 

Assuming r even, the total degree ^niV$ is even, and P{zi) = P(— z^). Expanding the polynomial in the 
monomial basis, the last property boils down to a\ — a\t where A* is the young tableau complementary 
to A : 

A* = iV^ - A„_,+i (108) 

For instance [4, 4, 1, 1, 1, 1]* = [3, 3, 3, 3] 
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